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Laplace Transform: 5. t" n!
Definition: sntl
If a function f(t) is defined for all positive 7
® _ 6. t vn
values of t and [~ e 'f(t) dt exists then the =
Laplace transform of f(t) is defined as 2s 72
L [f()] = F(s) 7. 2 Jr
= [ e SHi(t) dt YA
Properties: _ .
L LI + 9] L) + L) 8 sin at oo
2. L(Cf(t) = CL(f(t)
where C is a constant 9. cos at S
3. L(P(1)=sL(f(1)-f(0) s? +a?
" -2 '
4. L(f (?.Z = §2L(f(1))-Sf(0)-F(0) ) e 5
... (0) s2 — 2
5. L((t) = s"L(f(t)) - S™* f(0) — S™2 (0) -
...... -1 (0) 11. cosh at N
SZ _ aZ
6. If L(f(t)) = F(s) then,
i) lim¢_,o f(t) = lim,_o, s F(S) 12. e*cosht s—a
i) lim,_,, f(t) = limg_,y s F(S) (s —a)? + b?
13. e® sin bt b
—3)2 2
7. Some important formulae: (s—a)*+b
S.No. f(t) F(s) = L(f(1)) 14. ™ 1
1. 1 1 s—a
s 8. IFLf(t)=F (s)then, L f(at) == F (%)
2. t i 9. L (e™f(t)) = F (s+a) where L (f(t)) = F(s)
s2 10. If L(f(t)) = F(s), then
3. e 2 i) L (£ (1) = - <(F(5))
s? i) L (" (1) = (-1)"<(F(s))
4 t 3'_6 11. If “Tt) has a limit as t — 0 and if L(f(t)) = F
st st
().
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f@® ©
Then L (52) = 7 F(s) ds
Inverse Laplace Transforms:
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If L(f(t)) = F (s) then, 18. T S
f(t) = L (F(s)) Vs Tt
S.No | F(s) LY (F(s)= (1) :
_ 19. N .
1. 1 et S /2 2 -
s—a
2. S cos at 20. 1 1
s +a? G (n=1,2) T thlet
3. a sin at
4. 2 s 2 cosh at ' G-96-Db) (a @=b) [e**
s2—a
5. a Sinh at #b) | —eb]
= 22 s T
6. 1 1 . a at
5 G-aG-B" | Em
7. 1 t #b) | _pebt]
s?
8. 1 2 23. 1 ;
= ———— — (1 —cosat
s3 2 s(s? +a?) (1~ cosat)
1 1
9. 1 3 24. 1
s = s2(s? +a?) a3 (at
— sinat)
10. n! t" > : -
sntl ' ——— — (sinat
11. 1 te™ (s? +a?) 2a
(s — a)2 — atcosat)
12 2 tzeat 26 52
(s—a)3 m o (sinat
13. o t'e” — atcos at)
(S - a)n+1
14, b e®sinbt 27. S
(s —a)? +b? (s? +a?)(s? +a?) (3 p7 — gz (cosat
15. s—a e®cosht #b) — cos bt)
(S — a)Z +b? —as
28. e u(t-a
16. 2as t sin at - (t-a)
(SZ + 32)2 29 e-as 6 (t* a)
17. s? —a? t cos at
(s? +a?)? 30. |1 & (t) unit step
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function

31. sS—a 1 bt_ pat
1 ebt — eat)
Ogs—b t(

Important Theorems:
Let L™ (F(s)) = f (t) then,
. LY[Fis+a)]=e* Lt (F(S)
2. L'[FEI==L"(F(s)
3. L'(SF@E) =5 L [FO)]
If L* (F(S)) - 0ast—0
4. L'%@) = [ L7 (F(s))de
Fourier Transforms:
1. Infinite Fourier Transform (Complex form) :

F(s) = J% [2 £ (x) e dx
f(x) = %_n I= F(s)e™ds

(Inversion formula)
2. Fourier Cosine Transform:

Fe(s) = \E J,” £(x) cos sx dx
f(x) = \E Jy Fc (s) cos sx ds

(Inversion formula)
3. Fourier Sine Transform:

Fs(s) = \/%fom f (x) sin sx dx
f(x) = \/%fom Fs (S) sin sx ds

(Inversion formula)

Properties of Fourier Transforms:
1.  F[af(x)+bg(x)] =aF(f(x)) + bF(g(x))
2. If F(f(x)) = F(s), then

F [f (x - a)] = €F(s)
3.  IfF[f(X)] =F(s), then

F [f (aX)] =|;—|F(§),a %0

(Change of scale property)
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10.

11.

12.

F[e®f(x)] =F (s +a)

Modulation theorem:

If F(f(x)) = F(s), then

Ff(x) cosax] = 5 [F (s - a) + F(s + )]

If F[f(x)] F(s), then

F X" ()] = (-)"< F(S)

If F[f(x)] = F(s) then
FIF(X)]=-isF (s) if f(x) — 0

aSX —>+ oo

F(s)

Ff f)dx] ==
The convolution of two functions f(x) and g(x)
is defined as f* g = %_n [ £(6) g (x - ) dt

The Fourier transform of the convolution of
f(x) and g(x) is the product of their Fourier
transforms. That is, F[f(x) * g(x)] = F(s).9(s)

= FIf(1 - Flg()]

Parseval’s identity:

jlf(x)lzdx= JIF(S)Ist

Let Fc(s), Fs(s) be the Fourier cosine and sine
transforms of f(x) respectively. Then,

Fe [af(x) +bg(x)] = aFc(f(x)) + bFc(g(x))
Fs [af(x) + bg(x)] = aFs(f(x)) + bFs (9(x))
F* [f(x) sin ax] = 3 [Fe(s-a) — Fc(s + a)]

Fs [f(x) cosax] = % [Fs (s + @) + Fs(s-a)]

Fe [f(x) sin ax] =5 [Fs (a +5) + Fs (a- 9)]
Fe [f(x) cosax] = 5 [Fc(s + a) + Fe(s - a)]
Jy 069 g () dx = [ Fc (s) G (5) ds

Jy 09 9(x) dx = [[7 Fs () Gs(s) ds

S IEGO1 dx = [ |Fe(s) 1 ds

= fooo|Fc(S)|2 ds
Relationship between Fourier and Laplace
Transforms.
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Consider f(t) = {e_’“g(t) fort >0 10. cos n@ z(N — cos 0)
A 0 fort<0 z%2 —2zcos 0+ 1
then, F(f(t)) = — L (g(t
(f()) = 5= L (9(1) T Tsnne Z5in®
Z - Transform: 22 — 270050 4+ 1
If the function u, is defined for discrete values
n=0,1,2,...... ) and u, = 0 for n <0, then its 12. a'cos n@ z(z — acos 0)
Z - transform is defined as z2 — 2azcos 0 + a2
Z(un) = U(z) = Y=o Un 2" 13 A"sin ng azsin @
The inverse Z - transform is defined as Z* ' 5 5
() = Uy 74 —2azcosO +a
Some Standard Z - Transforms: 14. i 1
S.No. |U, Z(Uy) n! e’
1. a" z 1. ! z (12 B 1)
7 —a (n+1)! e
16. 1 2( 1 1
p d — 11
2. n _Zd_zZ(nP 1y where T2 z (ez 1 Z)
P is a positive integer 17 ZICDT =
3 1 VA z+1
z—1 18. cosh n@ 2(z — cos h®)
4, N 2 z2 —2zcosh® + 1
_ 2
(z—1) Damping Rule:
5. n° 22 +7 If Z(uy) = Ti(z) then
CEEE Z(@" uy) = u(az) and
Z(@"u) =1 (3)
6. n° 73 +47% + 7 . 2
T Shifting theorem:
(z—1) Let Z (un) = t(z) and k > 0 then,
7. n zt + 1123 + 112% + 2 i) Z (un4) =2°0(2)
(z—1)° i) Z(unsi) = 2 [0(2) — ug —uyz~! —upz =2 —
coe — uk—lz_(k_l)
8. n an az P . _ .
— utting k = 1, 2, 3 in the above theorem.
(z—a) i) Z (Un+1) = Z (3 (2) - Uo)
9. v 22 1 a2z iV) Z (Un+2) = Z2[T(2) - Uo- U1z
(z—2)3 V) Z (Un+3) = 2° [U(2) — Up — sz — Upz ]
Initial value theorem:
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Let Z (un) =11 (2), then
Uo = lim,_,o U (2)
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Final value theorem: If Z* (G(z)) = up and
If Z (u,) = 1 (z) then, Z1 (Vv (2)) = vy then
lirnn—wo u,= lirnz—>1 (Z - 1) l_l(Z) Z-l [1_1(2), ‘_’(Z)] = Z$=O Un Vh—m = Up * Vp

Convolution theorem:
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