Functions of Complex Variables and

Complex Integration

Previous Year Solved Questions

1. The mapping w = z°-2z-3 is
1) conformal everywhere
2) not conformal at z=-1 and z = -3
3) conformal with |z| = 1

4) not conformal at z = |
14e?2

2. The residue at z= 0 of———is
ZCOSZ + sin z
1)0 2)1
3)4 4) -1
3. The value of J 3ZZ++712+1 dz where C is
C Z
|z| =0.5is
1)0 2%
3) mi 4) 2mi

4, Singularity of zel/x* atz =0is of the type
1) isolated singularity
2) removable singularity
3) essential singularity
4) isolated and removable singularities
5. The analytic function which maps an

angularregion OSGS% on to the upper half

plane is
1) 4z 2) z*
3) 20 4) 7

6. Let f(z) = u + iv be an analytic function
which of the following statements are
correct?

a) both u and v satisfy Laplace equation

b) Family of curves u=c, and v = C2 cut
orthogonally

C) Ux=-Vy and uy=Vy

d) u-iv is also an analytic function

1) (@) and (b) only

2) (a), (b) and (c) only

3) (a), (b) and (d) only

4) (b), (c) and (d) only
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10.

11.

12.

The image of the straight line 2x+3y + 5 =
Ounder the transformation w= % Isa

1) straight line 2) parabola
3) ellipse 4) circle
2
The value of the Integral J 245 4, , wherez
c z-1)2

is a complex number and C is the circle | z-
1=1,is

1) 12mi 2) 6Tri

3) 4mi 4) 2mi

3
The residue of the functionf(z) :—(ZZ_ZJ;‘Z’ZZ:?;

the simple pole is

1)1 2)5

3) 25 4) 30

C-R equation for a functionW=P(r, 6) +
iQ(r,0) to be analytic, in Polarform are

)6P_16Q_6Q_ 1P
ar  rae’ ar  rae
202 _10P. 0P _ 100
a8  rar’ 48 rar
3y _ 100 90 _10°
ar  rae’ ar rae
)P 10009 _ 10
40  rar’ 90  rae

If f(z) + u+iv le an analytic function and u
and v are harmonic, then u and v will satisfy
1) one dimensional wave equation

2) one dimensional wave equation

3) Laplace equation

4) Poisson equation

In the analytic function f(z)=u+iv the curves
u(x, y) = C; and V(x, y)=C, are orthogonal
If the product of the slopes m; and m, are

1) my; m,=0 2) m; My=—m

3) my my=— % 4) my my=-1
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13.

14.

15.

16.

17.

18.

If the Imaginary part of the analytic function
f(z)=u + iv is constant, then
1) u is not a constant
2) f(z) is not a complex constant
3) f(z) is equal to zero
4) u is a constant
If f(z) = P(r, ) + iQ(r, 0) is analytic, then
f'(z) is equal to
io [9P .0Q —io aQ
1) €' [—+1— 2) e [ lae]
—i0 aQ 0 9Q
3) l[r+6_r] 4)1[+6r
The necessary and sufficient conditions for
the function f(x) = u (r, 8) + i (r, 6) to be
analytic is
1) Ur = Vo and up= _TlVr
2) ur = %veand Ug=-1V;
3 ug = %Ve and ug=rv;
4) ur = rvg and Up= %vr
The function f(z) = z + 2zis
1) analytic in the upper half plane
2) analytic inside the unit circle
3) analytic everywhere in complex plane
4) not analytic anywhere In the complex
plane
In the two dimensional fluid flow, if the
stream function is L|J_ Y =, then the velocity

potentlalcb is
1) ¢ = 2+y
2) ¢ = W
3)¢= 2+y
) q) = X +y
is|z| ==
1) 2mi 2) 3mi

Download Study Materials on www.examsdaily.in

19.

20.

21.

22.

23.

24,

25.

3) 5mi 4)0

The residue of z cos% atz=0is

1)1 2)-1

3)5 5=

The analytic function, whose real part
(XzXTyz)iS given by

1) z2 2)z

3) % 4)z + %

Cauchy - Riemann conditions forf(z)=u(r, 6)
+iV(r, 0) is

1)ur = VO; Ug = =Vi

2)ru, = vg; v, = U

3) rug
dru, = vg;uy = —1rV,

Choose the correct answer. If w = f(z) is
analytic then

6w
l)— = E

ow ow
25 =2

dy

3):Z;V # 0

52 =0

The value of m such that 2x-x>+my® may be
harmonic is

1) 3 2) 1

3)2 4) 4

Image of circle |z| =2 by the transformation
w=z+2+3i, IS

1) [w+(2+3i)| = 2) \w-(2+3i)| =

3) |w-(2+3i)| =2 4) |w| =

=V, 1vg = —u,

Value of integral f(z+ 1)dz, where C is
C

asquare with vertices 0, 1, 1 + i and i is

equal
1) zero 2) 1
3)-1 4) 2mi
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26.

217.

28.

29.

30.

31.

32.

33.

34.

Residue of 22—22 at z=al is
1 zZ“+a .
1) = 2)ia
3) 4)2ai
The conditions CR equations f(z) = u + iv to
be analytic are
1) Ux = -V, V=Uy
2) Ux=Vy, Vy = -Uy
3) Ux=Vy Uy=-V,
4) Uy = Uy, V=-Vy
If the real part of the analytic function
f(z)=u+iv is constant then
1) v is not constant
2) f(z) is not a complex constant
3) v is a constant
4) f(z) is equal to zero
The function zz is
1) analyticat (1, 1)  2) no where analytic
3) analytic at (-1, -1) 4) analytic in (2, 2)
If f(z) = u + iv is analytic then f'(z) =
1) uxtivy 2) Uy+ivy
3) Uxtivy 4) uytivy
If f(z) = u+iv is an analytic function and
v=xy then f(z) is equal to

1) — 2) 2°+z
3) = 4) 7%z

If w=P(r, 6) +iQ(r, 6) be a analytic function
then

P _ 9Q P _ 9Q
1)6r T 2) a8 oar

op _ 100 gy = TL20

or r 00 6r_ r 00

If w = u(x,y) + iv(x,y) be an analytic
function is equal to

ou av ou v
i) Ry uid )L _ &
)6x+lax )6x lay
du , v du . 0v
3)-5+lax 4)6x+lax

If f(z) = u + iv is an analytic function, then
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35.

36.

37.

38.

39.

40.

41.

1) only u is harmonic function

2) only v is harmonic function

3) both u and v are harmonic function

4) both u and v are not harmonic function

2
The value of [z dz where C is the circle
c x+3

|z] =2is
1)0 2) 4
3) -4 4) -2

The residue of the function e at the

singular pointz =0 is

10 2)-1

3)1 4) o

Which one of the following is not an

analytic function?

1) e 2) sinz

3) cos z 4) |z|?

If c is a real constant an analytic function

whose real part Xy is

—iz

1) >
—z2 —iz?2

3) T + ic 4) T + ic

The bilinear transformation which maps z =

1,i,0into W =1, 1, 018

1)~ 2)-

3) iz 4)~

If w = u(x,y) + iv(x, y) is an analytic

function of z = x + iy, then

2 ZZ
+ ic 2)7+c

ou ov du A
1)5—&81’1(1 @— I

du —av du av
2) 6_x = dy and E = 6_x

ou ov du av
3) g = aal’ld 5 = &

du —av du av
4)6_X_ dy al’ld.g——a—X
Invariant points of a bilinear transformation
W= — 1+iz is

- 1-iz
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42.

43.

44,

45.

46.

47.

48.

) {(VI+it6i} 2)=((1+1) Ve
9;((L+D£VZI+D 4 (6t
V3+1)

The critical points of the conformal
transformation w =z + % are

1)land 0 2)-1and 0
3)1land-1 4)land1
1
For the function f(z) = (Zez_z;z ,the pointz =1
is

1) a simple pole
2) a multiple pole
3) a removable singularity

4) an essential singularity
z34+1

The value of the integral f|Z|=3 eDa2 dz
is

1) mi 2)2mi

3)6 mi 4)3 mi

Which of the following is a harmonic
function?

1) e*x 2) e*siny

3) X2 +y? 4) sin x cosy

If W =u + iv is an analytic function of z = x
+ iy then which of the following is not true?

2w 92w dw ow
Doa+52=0 Ay =%

dw . 0w d%u d%u

—_— = —j=— 4) — 4+ — =
3) dz dy ) ox2 + dy?

The bilinear transformation which maps z =
1,i,c0intoi, 1,0is

1)- 2):
3) iz 4)~
The critical points of the transformation
w=(z-1)(z-2)
Hz=1 2) z=2

_3 _4
3) Z= 2 4) Z= c
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49.

50.

ol.

52.

53.

54,

55.

56.

If f(z) = u +iv is an analytic function of z
such that u = x?- y?, then the value of v is

1) xy 2) 2xy

3) -xy 4) -2xy

If w=1f(z) = u + iv is an analytic function of
z = X + iy then which of the following is/are

true?
dw du .0V

av .0v
1) E = a 15 2)F(Z)Za + la
ow 6_W 6_W _ _.6_w
B)E_lax 4)6)(_ lay
1) (a) only 2) (d) only

3) (b) and (d) only  4) (b) and (c) only
If c is a real constant on analytic function
whose real part is Xy is

—iz?2 . z2
l) T + ic 2) ? +cC
z2 iz2
3) — tic 4) 17 +c
The bilinear transformation which maps z =
0,1, co onto w = -, -i, 1 respectively is given
by
3w= E 4)w = A
Z+i Z—1
z24+1 _
Jpctjer 7 92 =
B0 2)2n
3)2mi 4) -2 i

In the Laurent series for f(z) = ﬁ at centred
at z = 1, the coefficient of (z-1)? is

1)3 2)-3

3)9 4) -9

f(z) = e*cos y + ie* sin y is analytic

1) at the origin only

2) nowhere In the complex plane

3) everywhere In the complex plane

4) at all points on the real axis only

Given that P+Q and Q-P can be the real and
imaginary parts of an analytic function
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57,

58.

59.

60.

61.

62.

63.

respectively, which of the following is an
analytic function?
1) (P+Q) +i(P-Q)  2) (P-Q) +i(P+Q)
3) P-iQ 4)p+iQ
az+b

The bilinear transformation w = p— is

1) not conformal anywhere

2) conformal everywhere except at one point
3) conformal everywhere

4) analytic everywhere

If C is the curve 16x* + y* = | the value of

dz .
fC 7249 IS
T —Tt
1)5 2)?
1 -1 2T
3) 0 4)ztan~ (T)

For the function e/

1) a simple pole

2) a pole of infinite order

3) an essential singularity

4) a regular point

Which of the following is not an analytic
function?

1) ¢’ 2)sin z

3) coshz 4) |z

If w=u(x, y) +iv (x, y) is analytic, then

dw 2_

dz

the pointz=01s

a(wv) a(xy)
) 36 2) 36
) a(v,u) ) a(y.x)
axy) a(u,v)

Given that u = €* sin y as the real part of an
analytic  function, the corresponding
imaginary part is

1) €’sinx

2) -e*cos y + ic where c is a real constant

3) -e*cos y+c? where ¢ is a real constant

4) e*cos (xy)

The transformation w = z? transforms the
line y=1 into
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64.

1) a circle, centre (0, 1) and radius 1
2) a straight line % =1

3) a hyperbola with vertex (1, 0)

4) a parabola with vertex at (-1, 0)

The value of the integral [ CZZ%ﬁ)where

cis
the circle |z — 1|=2 is
10 2) 4i
3) -2i 4) 2i

DETAILED SOLUTIONS
(4)
The mapping f(z) is analytic and ’(z)# 0
then the mapping w = f(z) is conformal.
fz)=72*-2z-3
f(z)=2z-2
f(z)=0
2z-2=0
2(z-)=0
z=1
~f1)=0
This implies w = f(z) is not conformal at
z=l.
2

If f(2) = E;

andy (a) =00 (@) #0
then

Residue (at z = a)

¢ (@)
V')
1+e?

ZCcoS Z + sin z

consider ¢(a) =
d(z)=1+¢
¢(z) = = zcos+sinz
$0)=1+e"=2

Y (0)=0+0=0

Now v'(z) = cos z-z sin z+cos z
=2c0s z-zsinz

Residue (at z = 0)
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m Functions of Complex Variables and
Complex Integration

_ 40 6. (1)
LS Statements (a) and (b are true

_ 1+ef : ;

= Zcos0 -0 0 C-R equation is

:E uX:Vy;Uy:'VX

_ 2 =~ Statement (c) is not correct

3 _11 Given f(z) = u + iv is an analytic function
' (D _ SUx = Vy 5 Uy = - Vi ..(1)
A Consider f(z)=u - iv
N 121=U.0 =P+iQ

\ whereP=U; Q=-V
\ \,, B Now Py = uy ; Qx = -V
) —; -05 P /105 i Py=uy; Qy=-Vya
/ by (1)
il P.# Qyand

v Py:rt 'Qx
~f(z) does not satisfy C-R equation

Cauchy's theorem:

If a function f(z) is analyti Il poin —_— .. .
a function f(z) is analytic at all points +T(@)= -iv is not analytic

inside - Statement (d) is not true
and on a closed contour C, then -
[ f(z)dz=0 £ “)
c , Letz=x+1y
let f(z) = & :1“1 andw = U+ iv
f(z) is not analytic at z = -I = %
but z = -1 lies outside the circle |z| = 0.5 N
=~ f(z) is analytic inside and on |z| =0.5 W )
=~ By Cauchy's theorem fcf(z)dz =0 XY=
4@ =X

1 u+1Y u—iv
f(2) = zeX? ==

1 12 133 .
1+ @ & @ = Tl

1! 2! 3! Lo_ u =

1 1 1 TV T e
Szt St Given straight line is
The principal part powers of (ﬁ)contains 2x+3y+5=0
- u '
infinite number of levins. Therefore z = 0 is = 2(u2+vz) +3 (u2+vz) +5=0
an essential singularity. = 5(? + v?) 2u-3v=0
5. 2 ~ Image is a circle.

Required analytic function is 8. 3)

f(z) = z*
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Functions of Complex Variables and
Complex Integration

y |z-1|=1

By Cauchy’s integral formula,
if zoe C then
f(z)dz

1
f,(ZO) = _fC (Z—Z(])z

2mi

2
consider [ _ (Z(Jrﬂ

z—1)2
f(z) = 2%+5
f(z) = 2z
f(I) = 2(1)=2
By (1) .
1 z2+5)dz
P =galemr

2mi

22+5)dz .
:fc%:zm (1)

=2mi X 2
= 4mi
9. 1)
Solution:
Residue of f(z) at a simple polez=a
. lim
-a) f
ISX_) 0(z a) f(z)
_ 23452-7
For f(z) = D
z = 2 is a simple pote and
z = -3is a pole of order 2
=~ Residue at the simple pole z=2is
lim z3452—7
» 2@ A0
_ lim z3+5z+7
T x> 2 (2437

_ 8+10+7 _ 25
T 25 T 25
=1

10. )
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11.

12.

13.

14.

15.

If w=P(r, 6) +iQ(r, 6)
is analytic, then polar form of C-R equations
are

oP  19Q
or r o0
9Q —10P
ar r 96

@)

f(z) = u + iv is an analytic function, then u
and v satisfy Laplace equation.

(4)

u(x,y) =Crand v(x,y) =cz

are orthogonal if prouduct of their slopes = -
1

i.e., mm,=-1
4
f(z)=u+iv

Given imaginary part = constant
= Vv = constant

a d
52 =0==0
ay

0x
by C-R equations
du B ov _
ox dy
Jdu av
and 5 = & =0
Jdu
du
and; =
= u is constant.
3)
— o—i6 [2P . 0Q
f'(z)=e o +i o
2)

The necessary and sufficient conditions for
the function
f(z) = u(r, 8) + i v(r, 6) to be analytic is

du 10v

ar rae
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16.

17.

>Up = %Ve

and v, = _TlVe

i.e. ug = —rv,

(4)

Letf(z)=u+iv

fz)=z+2z

= (x +iy) + 2(x-ly)

= 3x-1y

=>U=3X;V=-y

Ux=3;uy=0

Vx=0; vy = -l

Clearly u, # vy

So C.R. equations are not satisfied.
This implies f(z) is not analytic everywhere
in the complex plane.

1)

The complex potential

fz)=¢ + il.|J

Given |y = 2+y

_ x*+y*)0 +y.2x
X = (XZ 1+ y2)2

_ 2yx
T (x2+y2)2
Uy (2,0)=0

_ ()(2+y2)(—1)+2y2
lljy - (x2+4y2)2

_ —XZ—y2 +2y2
(x2+y2)2
2 2

—_ ¥y X
T (x24y2)2

-1
Yy (z,0) = Z—4 =—
=~ By Miline — Thomdon method

f(z) = I[wy (2, 0) + i, (z,0)] dz
f( +10)
-i5=-(3)
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18.

_ 1
x+iy
1 X—i
=1 xly

x+iy  x-—ly

_ X~y
X -y
1
2+y2) + (x2+y2)

T x24y2
=~ The velocity potential

= f(2) = -
q): X

1)

Given circle |z|

x24y?2

_1 <2 2 1
_2:> X“+y =3

1\ 2
-x+7=()
X“+y >

This is a circle with centre at origin and

. 1
radius = =
2

2 +1
Consider [ = z

Equating the denomlnator to zero
2+2=0

=z(z+1) =0

=2z=0,-1

The point z = 0 lies inside the circle.
Let f( ) — 22+1

Residue of f(z) atz=0

= M @0) f()

lim 2z+1
= Z.
Xx—=0 z@+1)
_ lim 2z+1
Tz 0 z+1
=1
By Cauchy’s residue theorem
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19.

20.

J f(z) dz = 2mi [sum of residues of points
inside c]
z = 0 is the only point inside ¢

“ . i:i dz = 2mi (Residue at z = 0)
=2mi X 1 =2mi
(4)
1\2 14

n_, & .G
cos(;) =1- -+
_ 1 1
=l-ataa
z coscos(l) =z L4 L

A 2z 2472 T

Residue of z=0
- - 1 1
= coefficient of — = -
z—0 VA
-1
2
(3)
clearly X =
y Z - X+iy
1 % x—ly

x+iy  x-—iy
— X7y
=
- _X s Y
x4y lm

1\ _ x
~Re (;) - xz+y2
1

Z
Method : 2
_ X
T x24y2
du  (x*+y?) —x.2x
0x  (x2+y?)?
I
T (x24y2)2
du _ 02—z2 _ —z2 _ —_1
w0 === n
Now,
6_u _ 0—=x2y -—2xy
ay (224002 T (x2+y?)?
du (Z ) _ =220
y ¥’ - (z2402)2
=0
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21.

22.

23.

24,

By Milne - Thompson method
_ [ou . 0u

fz)=[|% (z,0) - i 0)| dz
= (;—; —i 0) dz
~f(z) = %
(4)
Cauchy - Riemann equations of
f(z) = u(r, 8) +iv (r, 0)
g QU _ 10v

ar  rae
v _10u

and;— r 90

= rUr == V()
and rvr = -ug

(4)
w = f(z) is analytic then it is independent of
Z
ow
T 0
)
Let u = 2X - X* + my?
du
2 % 2 —2x
d%u
Fvie -2
du
E = 2my
2
ZT‘; =2m
Given u is harmonic
d9’u  0%u
a? + W =0
=2-2+2m=0
>m=1
3)
w=z+2+3i
z=w-2-3i
|z|=2
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25.

26.

27.

28.

=S W-2-3i|=2
= [w-(2+31)] = 2

1)

By Cauchy - Goursat theorem if f is analytic
function in the region enclosed by the curve
C, then

f f(@dz=0

f(z) =z + 1 is analytic in every region

~ f(z) =z + 1is analytic inside C

[ (z+1)dz=0

©)

Result: Residue of f(z) at the pole z=a is
lim
@

ZZ
Let f(Z) = m

72

= (z+ai)(z—ai)
Residue at z = ai
= lim (z — ai)f(z)

Z — ai
= lim (z — ai)
Z — ai
lim 72
"~ 7z > ai(z+ai)
_ (@) ?
T aitai
(ai)?

2ai
_ai

2
)
CR equations are
Ux = Vy ; Uy = -Vy
1.8. Ux = Vy, Vy = -Uy
©)
By CR equations
Ux = Vy ; Uy = -Vy
“Vn

72

(z+ai)(z—ai)
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29.

30.

31.

since u is constant
=>ux=0anduy=0
By CR equations
O=ux=vy
=>vy=0 (1)
Also
0 =uy = -vy
=V =0 ..(2)
By (1) and (2)
V is a constant.
)
Letz=x+1y
thenz=x-1y
f(z) = zz
= (x +iy) (x - iy)
=x2+y*=u+iv
= u=x*+y?
v=0
du

=>uX=_=2X
X

Uy = Z—; =2y
av

Vx = I =0
vy= 2 =

Y~ oy
Clearly uy#vy
Uy# Vx
~ C.R equations are not satisfied.

= f(z) is nowhere analytic.
3)

If f(z) is analytic

then f'(i) = uy + vy

= Vy - iUy
3)
Method -1
V = Xy
v av
ax Yoy
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32.

33.

34.

35.

av av

o (20 = O;a—y(z,O) =z
By Milne — Thompson method
fz) = [ [g—; (,0) +iZ (2, 0)] dz
[(z+1i0) dz

ZZ
T2
Method : 2
From the given choices
ZZ

if f(z) =2

2 +i 2
then f(z) = = = &2
2 2
_ x%2—y?+2ixy

2

XZ_y2

+ i2xy
Zu+iv
=V =Xy

So required analytic function
ZZ
f(z) = =
©)
Let f(z) =P (r, ) +i(Q(r, 6)
then Polar form of Cauchy-Riemann
equations are

0P 10Q
ar a0
0Q 10P
or rao
3)
Result :
Ifz=x+iyand w = f(2)
dw _a_w
theng— -

_dw_a_u a_v

E 0x lax

3

Result:

If f(z) = u+iv is an analytic function then
both u and v are harmonic functions.

1)
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36.

37.

Cauchy’s Theorem :

If a function f(z) is analytic at all points
inside and on a closed curve C

then fcf(z)(zjz =0

Let f(2)= —

clearly f(z) is not analytic at z = -3

But this point lies outside the circle |z|=2
Hence, f(z) is analytic at all points interior
and on

the closed curve C

Where C is |z|=2

Hence, by Cauchy's theorem

J f(2)dz=0

ie., [ 2 47=0

Cz4+3

) 2 3
1 1 1

gl
:1+§+2L+$+...

XZ
Residue of e/ atz=0

= coefficient of 1
(z—0) vA

in the series expansion of et/? =1
(4)

Let f(z) = |z/|?

where z =x + iy

lz)= %" +y?

then f(z) = |z|?

— XZ + yZ

=(¢+y)+i0

et/2 =1+
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Functions of Complex Variables and
Complex Integration

38.

39.

40.

41.

Letf(z) =u+iv
then u = x* + y%; v=0

au_z _au_z
ox X'ay_ y
ov ov
0x dy

2

“ox ay

and 2 = &Y

dy 0x

C.R. equation is not satisfied
So f(z)= |z|? is not analytic.
)

IF ) = u+iv =2+ ic
then

fz) = 2 4 g

_ —i(x?—y*+2ixy)

i
5 + ic

=Xy + i [y 2;"2
L iff2) =" +ic
Then, the real part is Xy
)

IfW:;—then

|+

WhenZ:].,W:%:i
whenz=i,w=-=1

1

Whenz=oo,w=L=O
[0¢]
=~ Required bilinear transform is w = %

1)
By Cauchy - Reimann equations if w = u +
iv is an analytic function then,

du av
a_x = a_x and
Ju B ov
dy  0x
(2)

Invariant points are given by
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42.

43.

_ 1+iz
- 1-iz
=1+iz=2(1-i2)
s1+iz=z-i7
Si2+iz—z+1=0
=iz’ +2(i-1) +1=0
7= —(-1)+ 2gi—1)2—4i
1
_ —(—-1D+V-1+1-2i-4i
2i
_1 [—(i—l)i\/—_6i]
) i

=[G — 1) x (=)  (-)V=6i]
.o 1 [ ]
(=)

[(=i% +1) +/i2(=61)]
[(1+1) + V6i]

1)

Critical points are given by i—vzv =0 and

dw

N[=RN]| =

= o0
dz

1
wW=z+-

z
dw 1
W _1-=
dz z2

dw _ 1 _
E—O:>1—ZZ—O

=>72=1
=>z=1
dw _ 1
E_oo:>1—zz—00
1
$2—2=00
=z=0
~ 1 and 0 are the critical points.
(4)
1 1
@2
1 [1+ 1 4 1
(z — 2)? (z—1) 2!(z—1)>2
HEICEE T
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m Functions of Complex Variables and
Complex Integration

The principal part contains infinite number then Z_Z =esiny
of terms. So, z = | is an essential singularity. o2 "X _
44. (3 S -esiny
Cauchy's Residue theorem : Z_ = e*cos y
fcf(z)dz =2mi x sum of all residues of f(z) ay
— AX ar
inside C ayz - €SNy
2 2 2
Letf(z):% 27+a——exsiny—exsiny:0
~ exsin y is a harmonic function
46. (1)

62
67+——0|snottrue

= - X 47. 2
( 4 "

If w = then
z w=1
Poles of f(z) are z=I and z=2 1 |
Clearly z=I and z = 2 lies inside the circle i 1
|z : 3 0 0
Residue of f(z) at z = |
=5 it 1(z — 1Df(z) YW= é is the required transform.
_ 72241 48. (3)
z—>1(Z Ve w=2"-3z+2
s dw
12 1 o, =223
Residue at z=2 Critical points is given by
(z — 2)f(2) w_p
dz
_ (z2+1) =2z-3=0
ARy oy 3
= ﬂ -5 =Z=3
2-1 ) 49, 2
By Cauchy Residue theorem ( z 2
. . . u=x2—y?
~f f(z)dz = 2mi x sum of residues inside au au
|z|=3 Pl 2X;&(Z,O) =2z
=2mi X (-2+5) du du
= 6T ) ay y; ay (Zr 0) 0
. 27l e By Milne Thompson method analytic
a f|X|=3 (z—1)(z—2) = 6 f y ti P yt
45 ) unction
' f(2)

If z=¢"sinydz
13
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Functions of Complex Variables and

Complex Integration

50.

51.

52.

having u = x* — y* as real part

f2) = [ [*22 - ig—;(z, 0)| dz
= [(2z— 0)dz

= Z2
Letf(z)=u+iv
then u + iv = 72

= (x + iy)?

=x?—y* +i2xy

SV = 2Xy

2

Formula:

If w=1(2)

dw ow

then - = o and
dw  Jw
dz ! dy

QW _jow

Toax lay

1)

Letf(z)=u+iv
IFf(2) = = +ic

i(x4iv)2

then f(z) = @ +ic

_ —i(x2 —y? +2ixy)
2

=xy+i (225 +¢)

+ ic

S U= Xy

Soiff(z) = %ZZ + ic then the real part is xy.
®)

If (Wi, W2, Wa, Wa) = (21, Z2, Z3, Z4)

then

(wy —wy)(ws —wy) _ (21 — 2,)(23 — 24)

Wy —w3)(Wy —wq) (22 —23)(Z4 — Z1)
we have (z, 0, 1, o) = (w, -1, -i, 1)
(z=0)(1-0) _ (w+1)(=i—1)
(z—)(1-0)  (w—1)(-i-1)
(W+1)(=i—1)(1+i) _ z(1-)
w—1)A-D(1+)  (z—)
Now

Download Study Materials on www.examsdaily.in

14

53.

1-o _ lim (1—t)
z—oo  { — 00 \z—t

_ lim
t > cot-1
=1
Now (1) =
—(1+)2
() (=2 ): z
w—1 2
w+1 .
w1 (D=2
w+1 .
— =1Z
w—1
>w+1l=iz(w-1)
N _iz+1
W= iz—1
i(z+il)
i(2)
_ i
Tz

. s z—i
~ Required bilinear transform w = —

Z+1
(4)
Cauchy's Residue theorem

fcf(z)dz = 2mi x sum of residues inside C
y

A

|z+1]|=1

3 _2\_;/0
v

lz+1]l=1=z—(-1)=1
is a circle with centre z = -l and radius = 1

72241
Let f(z) = —
_ z2+1
(z+1)(z—1)
Poles -z =1,-1
z=-lliesinside |z+1! =1
Residue at z = -1

= ™ @i

Follow us on FB for exam Updates: ExamsDaily



Functions of Complex Variables and
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54.

55.

lim 7241
= Im et
7z - —1 (z—1)(z+1)
lim z%+1
B 7z — —1 z-1
_2_

-2
By Cauchy’s residue theorem
:.fcf(z)dz) = 2mix-l
=-2mi
(1)
w=1z-1
then z-4 = w-3

(1-3)"

I N

1 3 32
T (z-1)  (z-1)2 (z—1)3+

-~ Coefficient of ! =3

(z—1)?
®)
w = f(z) =e*cos y + ie* siny
W=u+iv
=g*(cosy +isiny)
u=-e*cosy
v=eg*siny

M _ X ¢os
0x - y
M _ _ex sin
dy - y

W — ex sin y

ax

W ex cosy

dy

L Ou _ 0v

..a—x—g

du av
dy 0x

C.R. equations are satisfied
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15

=~ f(z) is analytic everywhere in the complex

plane.
(4)
Letu=P+Q
v=0Q-P
by C R. equations
Ux = Vy
Uy: 'Vx
QP 2029 op
T oy 3y ... ()
op L 9@ _ _9Q , 9P
dy ady a 0x ax

dP  aQ _aP  4Q
ﬁg—g—ay ay (2)
(1) +(2)

aP _ ,0Q

:>2£ =2 ay

aP _ 9Q
:>£ = 2y (3)
M-@=

Q dapP
ax dy

aP _ 9Q

:>£ = (4)

by (3) and (4)

f(z) = P + iQsatisties

C.R. equations

~ P +iQ is an analytic function

)

A function w=f(z) is not confoltnui z, then
1—‘::f’ (Zo) ionZ-g

then f(z) is not analytic.

3)
16x° +y* =1
X +y*=1
1/16 'Y =
XZ 2
Y _q
1

A
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Complex Integration

59.

60.

61.

v
0, 1)
(-1/4, 0)
P ] Il > X

R 0 |um, 0

! {0, -1}

_ dz
Let [f(z) dz= [, =

_ dz
a fc (z+31)(z—3i)
The points z =3i, -3i lies outside C

= By Cauchy Goursattheoem
dz

| f()dz =0=[ ——==0
©)
el/2=14+-+ bt
z 272 3173
_ 1 1 _ 1
=1+ (z—0) + 2(z—0)2 ~ 6(z—0)3 +

. 1 . g s .
since — terms are infinite, z = 0 is an
essential singularity

(4)
Consider f(z) = |z|?
=%+ y?
if f(z) =u + iv then
u=x’+y%4v=0
du du
& = ZX;a—y = Zy
av av
—=0—=
0x dy
.'.g—z * Z—;andZ—; * aiy

C.R equation is not statistical
So f(z) = |z|? is not analytic

1)
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62.

63.

du ou
_0(yv) _ |ox o0y
LetJ= e v ov
ox 0dy
Given w = u + iv is analytic
=~ w satisfies C.R. equation

e, L=
CUoax dy
au_ av
dy  0Ox
~(1)=
dudu 6V( 6V)
Ox0x O0x\ 0x
_ ou\2 v\ 2
=)+ %)
_ |ou . dv|?
=l Tl
_6w2
“lox
|dw | dw _ ow
B d_z [ dz 6X]
3)
Givenu=¢€"siny
%N = X sin
ax y

U = e¥cos
By_ y
— X 2
Ifv=-e'cosy+c
6v_ X
then o, = -€cosy

ov _ x .-
E =e'siny
clearly
du _ dv
ax "oy

du av
and a ™

C.R. equations are satisfied

v =-e*cos y + c?

is the required imaginary part.
(4)

w =72

U+ iv = (X +iv)?
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= X2 — y? + 2ixy Let f(z) ="
. — 2 z(z—m)
U=y | =0
V= 2xy Poesarei— _,11_ _ B
wheny = 1 Clearlyz—Ollf.s inside |[z— 1| =2
_ .2 -n= m _
u=x"-1 Resatz=0 Z_)O(z 0) f(2)
Vv =2x _ lim e?
Eliminating x -z 0z(z-m)
v)? e _ 1
U:(E)'l To0-nm 0w
N\ 2 By Cauchy residue theorem
=>(—) =u+1l o . .
J f(z)dz = 2mi x sum of the residues inside
V2 = 4(u+l) C
This is a parabola with vertex (-1, 0) o? o .
64. (3) fc By— dz = 2mi X (?) =-2i
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