Determinants and Matrices

Determinants and Matrices

The rank of a matrix A is said to be r if A
satisfies the following conditions.
1) There exists an r x r sub-matrix whose
determinant is not zero.
i) The determinant of every (r+1) x (r+1)
submatrix is zero.
Minor of a matrix A is the determinant
formed by the elements of the matrix left
after striking out certain rows and columns.
Consider the system of equations.
a; Xy +apxy +-+ax, =bg
ap1Xq +axpX; + - +az,x, =b,

Am1X1] +agXy + o+ ag X, = by,

di1 di2 ... dip
LetA=]a1 az .. aZn]
dm1 9m2 - dmn
a1 aiy ... dip b1
[A B] = [321 az ... axy by
dm1  Am2 -+ 9mn bm
Let the rank of A be R(A) and rank of [A, B]
be R [A, B].

i) The system AX = B is consistent if and
onlyif R (A) =R (A, B)
ii) If R(A) = R (A, B) = n (the number of
unknowns), then the given system of
equations is consistent and have unique
solutions.
iii) If R(A) = R(A, B) < n then the given
system of linear equations is consistent and
have infinite number of solutions.
iv) If R(A)#R(A, B), then the given system
is not consistent (inconsistent) and have no
solutions.
Consider the system of equations :
apx+apy+a;gz=>b
az1X +azy +azz =b;
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a3 X + a3y + d33Z = b3
di; a1z aA13
dzp dzz dz3
d3; dzz 433

Let A =

A,=[az1 az b
az; as bz
i) If A+ 0, the system is consistent and has
unique solution.

Solutions are:

N
YT T
i) If A = 0 and atleast one of the values

ofA, Ay, A, is non-zero then the system has
no solution.

iii) If A=0, A =4, =4, =0 and
atleast one of the (2x2) minor of A is non-
zero or atleast one of the element of A is
non-zero, then the system is consistent and
has infinitely many solutions.

Equations with
three unknouwns

=

A0
consistent and
unique solution

e 2]

a=0 |

A=A=4=0 Atleast one of A,
One of the element 4, 4, is not zero,
of A is non-zero, then the system
then consistent is inconsistent
. .with infinitely and has no
many solutions. solutions.
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Homogeneous system of linear equations :
A system of homogeneous linear equations
are as follows:
ap Xy tapx; +rt+agpx, =0
ay1X1 +axpX; +--+ax, =0

am1X1 + apeXy + -+ apnX, = by
dq1 dq2 ... dip
a
Let A= ?1 djo doq

adm1 am? Amn

di1 dq2 ... dip 0
_ | 321
[A, B] = azy .. az, O
dm1  Am2 -+ 3Amn 0
Clearly, rank of A = rank of the augmented

matrix [A, B].
i) The system of homogeneous equations is
always consistent and obviously x; =
Xp—......X, = 0 is a trivial solution.
ii) If rank (A, B) = rank A = n (the number
of unknowns) then the trivial solution is the
unique solution.
i) If rank (A, B) = rank A < n then the
system has non-trivial solution. In this case
|A|=0
Consider the following system of
homogeneous equations.
apnx+apy+azz=0
ay;X+azy+ayz=>0
az X +azy+azz=0

di1 a1z 413
LetA=|az1 Qa2 a3
d31 d32 433
Homogeneous
equations

I - AFU consistent
A=0 consistent with x=0, y=0,
with infinitely z=0 (Trivial
many solutions solution)
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Eigen values and Eigen vectors :

For n X n square matrix A the equation | A -
Al | = 0 is said to be the characteristic
equation. Thenroots of | A - Al) = 0 are
calledeigen values (characteristic roots,
proper values(or) latent roots). Suppose
AL, Ay, ... A, be theeigen values of A,
corresponding to each value of A. the
equation AX = A.X has a non-zero solution
vector X.. It is said to be eigen vector ofA
corresponding toA,.

Properties of Eigen values:

i) Sum of eigen values is equal to the sum of
the main diagonal elements of A (sum of
eigen values = Trace of A)

i) Product of eigen values of A = |A|
(determinant of A)

iii) Every square matrix and its transpose
have the same eigen values.

iv) If A4,2,,... A, are eigen values of A.
Then,

a) A~! has eigen values %i i

b) A ki has  eigen  values
MK A K, Atk

c) A? has eigen values as A3, A3, ... A2

d) A™ has eigen values A", A, ... AR

e) KA has eigen values as kA;, kA,, ... kA,

f) The eigen values of a triangular (upper or
lower) matrix are the main diagonal
elements.

Example:

2 4 5
Eigen valuesoff0 7 8lare2,7andl1

0 0 1
3 00

Eigen values of[s 4 0] are3,4 and 7
6 5 7
v) If A is an eigen values of an orthogonal

. 1. . .
matrix,then s also its eigen value.
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vi) The eigen values of a real symmetric
matrix are real numbers.

vii) Eigen vectors corresponding to distinct
eigen values of a real symmetric matrix are
orthogonal.

viii) If a real symmetric matrix of order 2
has equal eigen values then the matrix is a
scalar matrix.

iX) If A4,2,,... A, be distinct eigen values
ofa matrix A, then the corresponding
eigenvectors X1, X5, ... X,form a
linearlyindependent set.

X) Similar matrices:

A square matrix B of order n is called
similar to a square matrix A of order n if B =
st AS for some non-singular matrix S of
order n. Similar matrices have the same
eigen values.

xi) Corresponding to a eigen values of A,
there are different eigen roots of A.
Corresponding to a eigen vector of a matrix,
there exists only one eigen value.

Cayley - Hamilton Theorem :

Every square matrix satisfies its own
characteristic equation.
din a1z 13
dz1 Az 43
dz1 43z as3
If A is a square matrix of order 3, then its
characteristic equation is A3 — S;A% + S,A —
S3=0

Where,

S; = Sum of the main diagonal elements i.e.,
S1=ay; +ap +ass

Let A=

S, = Sum of the minors of the main diagonal
elements.

_[@22 Q23 d11 13 d11 adrp

- [332 a33] + [331 a33] + [321 azz]
S3= Determinant of A = |A|
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di1  ar
A= [321 a22]
Then, characteristic equation is A2 — S;A +
S, =0
Where,
S; = Sum of the main diagonal elements
=ap +ap

S,=| A | (determinant of A)

Quadratic form:

A homogeneous polynomial of second
degree in any number of variables is called a
quadratic form.

Any quadratic form may be reduced to
canonical form by means of a non-singular
transformations.

Let Q = ax?+by? +cz? +hxy + fyz +
gzxbe a quadratic form.

The corresponding matrix is

— 1 1 —
coeff. x? Ecoeff.xy Ecoeff. XZ

1 1
Ecoeff.xy coeff. y? Ecoeff.yz

1
Ecoeff.xz Ecoeff.yz coeff. z?

N | = N0

Nje NS QD
Nl T Nz

C

Let X! AX be the quadratic form in n
variablesxy, x5, ... X,

Letrank A=r

The number of positive square terms is
called the index of the quadratic form and is
denoted by s.

~The number of non-positive terms
(negative terms and zero terms) =r - s The
difference between the positive square terms
and the non-positive terms is called the
signature of the quadratic form.
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~Signature =s—(r-s)=2s-r dir a1z A3
Let A = [a;] be the matrix of the quadratic D3 =321 dz22 323
d3z; 43z as3
form. .
Then, D. = |A|
Dy =lay | =ag
_ JA11 ar
Dz = [321 a22]
Nature Eigen value Principal minor method Rank method
method s- index
r - rank
n - order of the
matrix
Positive definite |All are positive  |Dq, Dy, .......... Dn r=nand
all are positive s=n
Negative All are negative  |D;, D3, Ds._._are negative r=nand
Definite Dy, Dy, Dg.... are 's=0

positive i.e., (-1)" Dy> 0

Positive semi  |All are positive  |All are positive and atleast [r<nands=r

definite and atleast one is |one Di =0
zero
Negative semi |All are negative Dy, Ds, ....... are negative r<nands=0
definite and atleast one is |Dy, Dy ........ are positive
zero atleast one is zero (or) (-1)"
D=0
Indefinite Both positive and |Both positive and negative  |All other cases
negative
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